Abstract. Let G be a transitive permutation group of degree n. We say that G is 2 ′ -elusive if n is divisible by an odd prime, but G does not contain a derangement of odd prime order. In this paper we study the structure of quasiprimitive and biquasiprimitive 2 ′ -elusive permutation groups, extending earlier work of Giudici and Xu on elusive groups.
Introduction
Let G Sym(Ω) be a transitive permutation group on a finite set Ω of size at least 2. An element x ∈ G is a derangement if it acts fixed-point-freely on Ω. Equivalently, if H is a point stabiliser, then x is a derangement if and only if the conjugacy class of x fails to meet H. An easy application of the Orbit-Counting Lemma shows that G contains derangements. This classical theorem of Jordan has interesting applications in number theory and topology (see Serre's article [24] , for example).
By a theorem of Fein, Kantor and Schacher [11] , G contains a derangement of prime power order. This result turns out to have some important number-theoretic applications; for example, it implies that the relative Brauer group of any nontrivial extension of global fields is infinite (see [11, Corollary 4] ). It is worth noting that the existence of a derangement of prime power order in [11] requires the Classification of Finite Simple Groups. In most cases, G contains a derangement of prime order, but there are some exceptions, such as the 3-transitive action of the smallest Mathieu group M 11 on 12 points. The transitive permutation groups with this property are called elusive groups, and they have been the subject of many papers in recent years; see [6, 12, 13, 14, 15, 26] , for example.
A local notion of elusivity was introduced in [5] . Let G Sym(Ω) be a finite transitive permutation group and let r be a prime divisor of |Ω|. We say that G is r-elusive if it does not contain a derangement of order r (so G is elusive if and only if it is r-elusive for every prime divisor r of |Ω|). In [5] , all the r-elusive primitive almost simple groups with socle an alternating or sporadic group are determined. This work has been extended in our recent book [4] , which provides a detailed study of r-elusive classical groups. The r-elusive notion leads naturally to the definition of a 2 ′ -elusive permutation group, which are the main focus of this paper.
Definition. A finite transitive permutation group G Sym(Ω) is 2 ′ -elusive if |Ω| is divisible by an odd prime, but G does not contain a derangement of odd prime order.
Let G Sym(Ω) be a transitive permutation group with point stabiliser H. Recall that G is primitive if H is a maximal subgroup of G, and note that every nontrivial normal subgroup of a primitive group is transitive. This observation suggests a natural generalisation of primitivity; we say that G is quasiprimitive if every nontrivial normal subgroup is transitive. Similarly, G is biquasiprimitive if every nontrivial normal subgroup has at most two orbits on Ω, and there is at least one nontrivial normal subgroup with two orbits.
Quasiprimitive and biquasiprimitive groups arise naturally in the study of finite vertextransitive graphs. For example, if G is a vertex-transitive group of automorphisms of a graph Γ such that for each vertex v, the action of the vertex stabiliser G v on the set of neighbours of v is quasiprimitive (that is, Γ is G-locally-quasiprimitive), then [21, Lemma 1.6] implies that every normal subgroup N of G with at least three orbits is semiregular (that is, N v = 1 for every vertex v). In this situation, the quotient graph with respect to the orbits of such a normal subgroup inherits many of the symmetry properties of the original graph Γ. This explains why quasiprimitive and biquasiprimitive groups often arise as base cases in the analysis of various families of vertex-transitive graphs, see for example [9, 22] . These important graph-theoretic applications motivated Praeger to establish detailed structure theorems for quasiprimitive [22] and biquasiprimitive groups [23] . The structure theorem for quasiprimitive groups is similar to the celebrated O'Nan-Scott Theorem for primitive groups.
The elusive quasiprimitive permutation groups have been determined by Giudici (see [12, Theorem 1.1] ); the only examples are primitive groups of the form G = M 11 wr K in its product action on Ω = ∆ k , where K S k is transitive and |∆| = 12. Further progress has been made by Giudici and Xu in [15] , where the biquasiprimitive elusive groups are determined (see [15, Theorem 1.4] ). As an application, they prove that every finite vertextransitive, locally-quasiprimitive graph Γ has a semiregular automorphism (in other words, the automorphism group Aut(Γ), viewed as a permutation group on the set of vertices of Γ, contains a derangement of prime order); see [15, Theorem 1.1] . This result settles an important case of the Polycirculant Conjecture from 1981, which asserts that every finite vertex-transitive digraph has a semiregular automorphism [6, 17] . For example, [15, Theorem 1.1] immediately implies that the conjecture holds for every finite arc-transitive graph of prime valency.
The main goal of this paper is to extend this earlier work from elusive to 2 ′ -elusive groups. We begin by determining the primitive 2 ′ -elusive groups. Remark. Let us make some comments on the statement of Theorem 1.
(a) In both cases that arise, 3 is the only odd prime divisor of |Ω|. (b) In case (i), G = M 11 wr K, G α = PSL 2 (11) wr K (arising from the action of M 11 on the cosets of a subgroup PSL 2 (11)) and G is elusive. (c) In (ii), PSL 2 (25).2 3 is an almost simple nonsplit extension. (d) As noted above, the examples in (i) are the only primitive elusive groups, so Theorem 1 shows that the 2 ′ -elusivity property is indeed weaker than elusivity (even for primitive groups).
Our next result describes the structure of the quasiprimitive 2 ′ -elusive groups (in view of Theorem 1, we may assume that G is imprimitive). 
where r is the product of the distinct prime divisors of (p − 1)/2. In particular,
Remark. Some comments on the statement of Theorem 2.
(a) Notice that the final inclusion in (1) is strict because 2 ′ -elusivity requires |Ω| to be divisible by an odd prime. In particular, r < (p − 1)/2 and thus (p − 1)/2 is not square-free. (b) We refer the reader to Remark 3.4, which shows that there are genuine examples satisfying the conditions in Theorem 2.
In order to state our final result, recall that a transitive group G Sym(Ω) is biquasiprimitive if every nontrivial normal subgroup of G has at most two orbits on Ω, and there is a normal subgroup with two orbits, say ∆ 1 and ∆ 2 . Let G + denote the index-two subgroup of G that fixes ∆ 1 and ∆ 2 setwise. 
where p is a Mersenne prime and r is the product of the distinct prime divisors of (p − 1)/2.
Moreover, each group G in (i), (ii) and (iii) is 2 ′ -elusive and biquasiprimitive.
(c) If G + is not faithful on at least one orbit, then k is even, K + is intransitive, |K : K + | = 2 and one of the following holds:
where Remark. Referring to Corollary 4, it is worth noting that 2 61 − 1 is the smallest Mersenne prime p with the property that (p − 1)/2 is divisible by q 2 for a prime q 5.
Recall that the Polycirculant Conjecture asserts that every finite vertex-transitive graph has a semiregular automorphism. The existence of such an automorphism has numerous applications. For instance, they have been used to construct Hamiltonian paths and cycles [1] , to provide succinct representations of graphs [2] , and to enumerate all vertex-transitive graphs of small orders [19] . In many of these applications, it is desirable to work with a semiregular automorphism of order as large as possible. For example, the Polycirculant Conjecture is established for all vertex-transitive cubic graphs in [18] , and later work of Cameron et al. [7] shows that any such graph admits a semiregular automorphism of order greater than two. In fact, the main theorem of [20] reveals that there is a function f : N → N, satisfying f (n) → ∞ as n → ∞, such that any vertex-transitive cubic graph on n vertices contains a semiregular subgroup of order at least f (n).
As noted above, Giudici and Xu use their work on elusive groups in [15] to verify the Polycirculant Conjecture for all finite arc-transitive graphs of prime valency p. We anticipate that our results on 2 ′ -elusive groups in this paper will play a key role in establishing the conjecture for arc-transitive graphs of valency 2p. A key tool in order to achieve this goal is Theorem 5 below, which may be of independent interest (the application to graphs of valency 2p will be the subject of a future paper). This approach is similar to the aforementioned extension of the main theorem of [18] in [7] .
In the statement of the theorem, V Γ denotes the set of vertices of Γ, and K 12 is the complete graph on 12 vertices. In addition, the standard double cover of Γ is the graph with vertex set V Γ × {0, 1}, such that {(u, a), (v, b)} is an edge if and only if a = b and {u, v} is an edge of Γ. This graph is also known as the direct product of Γ with K 2 . As we will explain in Section 5, if G Sym(Ω) is a finite transitive permutation group then there is a one-to-one correspondence between the set of suborbits of G and the set of finite digraphs with vertex set Ω on which G acts arc-transitively. Moreover, the connected graphs of valency p correspond to self-paired suborbits ω Gα of length p with the property that G = G α , g for each g ∈ G that interchanges α and ω. Therefore, one of the main steps in the proof of Theorem 5 is to determine the 2 ′ -elusive quasiprimitive and biquasiprimitive groups with a prime subdegree; we can do this by applying Theorems 1, 2 and 3. In the cases that arise, we then need to check that G has a suborbit with the appropriate properties. Finally, we record a couple of corollaries to Theorem 5 (the short proofs are presented at the end of Section 5). Note that Corollary 7 answers a question posed in [14] . The smallest k for which there is a finite connected graph of valency k with an elusive vertex -transitive group of automorphisms is still unknown.
Notation. Our notation is standard. We write H.K to denote an extension of H by K, and H:K if the extension splits. If n is a positive integer then C n denotes a cyclic group of order n, and H n is the direct product of n copies of H. If p is a prime, then O p (H) denotes the largest normal p-subgroup of H. Finally, if H acts on a set ∆ then we write H ∆ to denote the induced permutation group on ∆.
Simple groups
In [12, Theorem 1.3], Giudici determines the nonabelian finite simple groups T with a proper subgroup that meets every Aut(T )-conjugacy class of elements of prime order. We can adopt a similar approach in order to establish an analogous result for odd primes, which will play a key role in the proofs of our main theorems.
Remark 2.1. In the first row of Table 1 , p is a Mersenne prime and r is the product of the distinct prime divisors of (p−1)/2. Also observe that |T : H| is a 2-power if H = C p :C (p−1)/2 , so in this case the action of T on the cosets of H is not 2 ′ -elusive (recall that for 2 ′ -elusivity, the degree must be divisible by an odd prime). [8] to identify an Aut(T )-class of elements of odd prime order r that does not meet H (indeed, take r = 5 if (T, H) = (HS, M 22 ), and r = 3 in the other two cases). Next assume T = A n is an alternating group. Since the two largest primes at most n must divide |H|, [16, Theorem 4] implies that H ∼ = (S k × S n−k ) ∩ T for some 1 k < n/2 (note that this includes the case (T, H) = (A 6 , PSL 2 (5))). In particular, the action of T on the set of right cosets of H is permutation isomorphic to the action of T on the set of subsets of {1, . . . , n} of size k. Since this action extends to S n , it follows that if n = 6 then the Aut(T )-class of an element t ∈ T meets H if and only if t fixes a k-set. By a theorem of Sylvester [25] , n k is divisible by an odd prime, so [5, Corollary 3.2(iii)] implies that there is an Aut(T )-class of elements of odd prime order that does not meet H. Finally, if n = 6 then it is easy to check that the only subgroups H of T with the required property are isomorphic to A 5 . In addition, note that A 5 has a unique class of elements of order 3, but A 6 has two, so H does not meet every T -class of elements of odd prime order.
For the remainder, we may assume that T is a simple group of Lie type. By [16, Theorem 4(i)], the possibilities for T and H can be read off from [16, Tables 10.1-10.5]. More precisely, these tables give the proper subgroups M of T with the property that |M | is divisible by a specific collection of odd prime divisors of |T |. By inspection, and recalling that we are assuming H is maximal, we deduce that either |H| is even, or (T, H) = (PSL 3 (3),
If (T, H) = (PSL 3 (3), C 13 :C 3 ) then T has two Aut(T )-classes of subgroups of order 3, and H has a unique such class, so there is an Aut(T )-class of elements of order 3 that misses H. Now assume (T, H) = (PSL 2 (p), C p :C (p−1)/2 ) with p a Mersenne prime. Here T has a unique class of subgroups of each odd prime order, hence every T -class of elements of odd prime order meets H. The same conclusion holds for any subgroup L < H with π(H) = π(L), so we deduce that
as in the first row of Table 1 (where r is the product of the distinct prime divisors of (p−1)/2).
To complete the proof we may assume that |H| is even and thus π(T ) = π(H). Here the possibilities for (T, H) can be read off from [16, Table 10 .7]. These cases were studied in [12, Section 3] , where in most instances an Aut(T )-class of elements of odd prime order that misses H is identified. The exceptions are as follows:
For the cases with T = PSU 6 (2) or PSU 5 (2), one can use Magma [3] , or the information in [8] , to check that there is an Aut(T )-class of elements of order 3 that misses H. The remaining four cases are recorded in Table 1 . In each of these cases it is easy to see that By applying Theorem 2.2, we can determine all the 2 ′ -elusive almost simple groups. In Table 2 , as before, p is a Mersenne prime and r is the product of the distinct prime divisors of (p − 1)/2. Table 2 .
Theorem 2.3. Let G Sym(Ω) be a finite transitive almost simple permutation group with point stabiliser H. Then G is 2 ′ -elusive if and only if (G, H) is one of the cases in
Proof. Let T denote the socle of G and assume that G is 2 ′ -elusive. Then H ∩ T meets every G-class of elements in T of odd prime order, so (T, H ∩ T ) is one of the cases arising in Theorem 2.2(i).
First assume T is a transitive subgroup of G. Here G = T H and thus T is 2 ′ -elusive since H meets every T -class of elements of odd prime order in T . Note that |G : T | = |H : H ∩ T |. By applying Theorem 2.2(ii) we deduce that (G, H) is one of the following:
where p is a Mersenne prime and r is the product of the distinct prime divisors of (p − 1)/2. Note that in case (d) (and similarly in (e)) we require H < C p :C (p−1)/2 since |Ω| is divisible by an odd prime. Also observe that G is primitive in cases (a), (b) and (c), and quasiprimitive (and imprimitive) in cases (d) and (e). Now assume T is intransitive, in which case the orbits of T on Ω have equal size and the actions of T on each orbit are isomorphic. Clearly,
where r is the product of the distinct prime divisors of (p − 1)/2 as before. Next suppose
As explained in [12, Section 4] , G must contain a triality graph automorphism (if not, there are derangements of order 5), but this implies that G contains an element of order 3 that permutes the orbits of T , which is a derangement. Finally, let us assume T = A 6 , so G ∈ {S 6 , M 10 , PGL 2 (9), Aut(A 6 )}. Here G is 2 ′ -elusive if and only if the two T -classes of elements of order 3 are fused in G, so (G, H) is one of the following: 
Quasiprimitive groups
In this section we investigate the structure of 2 ′ -elusive quasiprimitive groups. Our aim is to prove Theorems 1 and 2. We begin by recording a lemma which will be useful later.
Lemma 3.1. Let G Sym(Ω) be a finite permutation group with a transitive normal subgroup N = T k such that C G (N ) = 1, where T is a nonabelian simple group and k 2. Let α ∈ Ω and assume that N α = S k for some proper subgroup S < T . Then we can identify Ω with the Cartesian product ∆ k , where ∆ = T /S, such that G is permutation isomorphic to a subgroup of Aut(T ) wr S k acting on ∆ k with its usual product action.
Define an action of G on Σ by (N α m) ng = N α (mn) g for each m, n ∈ N and g ∈ G α . To see that this is well-defined, first observe that if
∈ N α and it follows that g −1 2 g 1 ∈ N α since N α ⊳ G α . A routine calculation now shows that (N α m) n 1 g 1 = (N α m) n 2 g 2 and so the action of G on Σ is well-defined. Since the stabiliser in G of the trivial coset N α ∈ Σ is G α , it follows that the action of G on Ω is permutation isomorphic to the action of G on Σ.
Let ϕ : G → L be the isomorphism induced by the conjugation action of G on N . Let Λ be the set of right cosets of S * in T * , where T * = Inn(T ) and S * is the group of automorphisms of T induced by conjugation by elements of S. Let ρ : Σ → Λ k be the bijection sending N α (t 1 , . . . , t k ) to (S * t * 1 , . . . , S * t * k ), where t * i is the inner automorphism of T induced by conjugation by the element t i ∈ T . Now L acts on Λ k via the product action:
One checks that ρ(ω x ) = ρ(ω) ϕ(x) for all ω ∈ Σ and all x ∈ G, hence the actions of G and L on Ω and Λ k , respectively, are permutation isomorphic. Finally, by identifying Λ k with ∆ k , where ∆ is the set of right cosets of S in T , we deduce that the permutation groups G Sym(Ω) and L Sym(∆ k ) are permutation isomorphic.
We also need the following easy lemma (the proof of [6, Theorem 4.1(e)] goes through unchanged). 
Proof. By applying Theorem 2.2(ii), we deduce that N is 2 ′ -elusive if (i), (ii) or (iii) holds. For the remainder, let us assume N is 2 ′ -elusive. First observe that H meets every N -class of elements of odd prime order. Since H is core-free in N , it follows that T is nonabelian (indeed, if T is abelian then H = 1 and T = C 2 , which is incompatible with the fact that |Ω| is divisible by an odd prime).
be the i-th projection map. If C is a conjugacy class of T then the corresponding subset of T i is a conjugacy class of N , so H i meets every T i -class of elements of odd prime order. Since H is core-free in N , H i is a proper subgroup of T i and thus (T i , H i ) is one of the cases arising in Theorem 2.2(ii). In particular, (11) and thus H = PSL 2 (11) k as in part (i) of the lemma. By the same argument, we deduce that
Finally, let us assume T i = PSL 2 (p), where p is a Mersenne prime. Here
where r is the product of the distinct prime divisors of (p − 1)/2. Since any overgroup of
Therefore H is as given in part (iii), and we note that H < (C p :C (p−1)/2 ) k since |Ω| is divisible by an odd prime.
We are now in a position to prove Theorems 1 and 2.
Proof of Theorems 1 and 2. Let G Sym(Ω) be a finite 2 ′ -elusive quasiprimitive permutation group with socle N and point stabiliser H = G α . We claim that N is the unique minimal normal subgroup of G. To see this, suppose that N 1 and N 2 are distinct minimal normal subgroups of G. Then N 1 and N 2 commute, so they are regular and nonabelian by [10, Theorem 4 .2A]. In particular, N 1 ∼ = T k for some nonabelian simple group T and positive integer k, so N contains derangements of odd prime order, but this is incompatible with the fact that G is 2 ′ -elusive. Therefore, N is the unique minimal normal subgroup of G.
Write N = T 1 × · · · × T k for some positive integer k such that T i ∼ = T for some simple group T . Since G is quasiprimitive, it follows that N is transitive and thus 2 ′ -elusive, so Lemma 3.3 implies that one of the following holds (in particular, N is nonabelian):
where p is a Mersenne prime and
r is the product of the distinct prime divisors of (p − 1)/2. Since N is the unique minimal normal subgroup of G, it follows that C G (N ) = 1 and thus G Aut(N ) = Aut(T ) wr S k . Let K S k be the group induced by G on the set of k simple direct factors of N . Then T k G Aut(T ) wr K and the minimality of N implies that K is transitive. Also note that G = N H, so H also induces the group K on the set of k simple direct factors of N . If (a) holds then G = M 11 wr K is the only possibility (since Aut(M 11 ) = M 11 ), so H = PSL 2 (11) wr K. In view of Lemma 3.1, we may identify Ω with ∆ k , where ∆ is the set of right cosets of PSL 2 (11) in M 11 , so G is a primitive product-type group as in Theorem 1(i). In addition, we note that any group of this form is primitive and elusive (and therefore 2 ′ -elusive since |Ω| is divisible by 3).
Next assume (b) holds. Set X = N Sym(Ω) (N ) and observe that X = 2 F 4 (2) wr S k and X α = (PSL 2 (25) 
Finally, suppose that (c) holds. Let π i : N → T i be the i-th projection map. For each i ∈ {1, . . . , k}, set R i = π i (N α ), so
Since H normalises N α and acts transitively on the set of k simple direct factors of N , it follows that R i ∼ = R j for all i, j. Moreover, H normalises the subgroup
N and N α is a subdirect product of R. Also note that N α = J since |Ω| is divisible by an odd prime. Therefore, H < JH < G and thus G preserves a nontrivial system of imprimitivity P of Ω such that the stabiliser of the block containing α is JH. Note that JH ∩ N = J. The kernel of the action of G on P is an intransitive normal subgroup of G, so this action is faithful by the quasiprimitivity of G. Finally, by applying Lemma 3.1 we can identify P with the Cartesian product ∆ k , where ∆ is the set of right cosets of C p :
This completes the proof of Theorems 1 and 2.
Remark 3.4. Let G = PSL 2 (p) wr S k and H = (C p :C r ) wr S k , where p is a Mersenne prime and r is the product of the distinct prime divisors of (p − 1)/2. In addition, let us assume that r = (p − 1)/2 (note that p = 2 7 − 1 is the smallest Mersenne prime with this property). Then the action of G on the set Ω = G/H of right cosets of H is quasiprimitive. Moreover, Lemma 3.1 implies that the action of G on Ω can be identified with the usual product action of G on ∆ k , where ∆ is the set of right cosets of C p :C r in PSL 2 (p). Then by applying Theorem 2.3 and Lemma 3.2, we deduce that the action of G on Ω is 2 ′ -elusive. This shows that the set-up described in Theorem 2 does give rise to genuine examples.
Biquasiprimitive groups
In this section we turn our attention to biquasiprimitive permutation groups; our aim is to prove Theorem 3. Recall that a transitive permutation group G Sym(Ω) is biquasiprimitive if every nontrivial normal subgroup of G has at most two orbits and there is some normal subgroup with two orbits ∆ 1 and ∆ 2 . Fix such a normal subgroup and let G + denote the index-two subgroup of G that fixes ∆ 1 and ∆ 2 setwise, so Ω = ∆ 1 ∪ ∆ 2 is a G-invariant partition of Ω.
Recall from the introduction that the elusive biquasiprimitive groups have been determined by Giudici and Xu (see [15, Theorem 1.4] ). Our goal is to extend this result to 2 ′ -elusive groups. 
Each orbit of N has size 2 and thus |Ω| ∈ {2, 4} since G is biquasiprimitive. But this contradicts the fact that |Ω| is divisible by an odd prime (because G is 2 ′ -elusive). The result follows.
We now partition the proof of Theorem 3 into two parts, according to whether or not G + acts faithfully on its orbits ∆ 1 and ∆ 2 .
4.1. G + acts faithfully on both orbits. Lemma 4.2. Let G Sym(Ω) be a finite 2 ′ -elusive biquasiprimitive permutation group with point stabiliser H = G α and suppose that G + acts faithfully on its two orbits. Then G has a unique minimal normal subgroup N = T k , where k 1 and T, N α are one of the following:
k where p is a Mersenne prime and r is the product of the distinct prime divisors of (p − 1)/2.
Proof. Let N be a minimal normal subgroup of G. By Lemma 4.1, N G + and since G is biquasiprimitive, N acts transitively on both ∆ 1 and ∆ 2 . Moreover, since G is transitive and we are assuming that G + acts faithfully on ∆ 1 and ∆ 2 , it follows that
We claim that N is the unique minimal normal subgroup of G. To see this, suppose that M is another minimal normal subgroup of G, so N ∆ 1 and M ∆ 1 are both transitive normal subgroups of ( If N is abelian then it is semiregular on Ω with two orbits, so T = C 2 is the only possibility since G is 2 ′ -elusive. But this implies that |Ω| = 2 k+1 , which is a contradiction since |Ω| is divisible by an odd prime. Therefore, T is nonabelian. Write N = T 1 × · · · × T k with T i ∼ = T , and let π i : N → T i be the i-th projection map. Note that G Aut(N ) = Aut(T ) wr S k .
Fix α ∈ ∆ 1 and set H = G α . Now each n ∈ N of odd prime order fixes an element of Ω and is therefore G-conjugate to an element of N α . Thus every Aut(N )-class of elements of odd prime order in N meets N α . Let t ∈ T be an element of odd prime order. Then (t, . . . , t) ∈ N is Aut(N )-conjugate to an element of N α , so for each i ∈ {1, . . . , k} we see that π i (N α ) meets every Aut(T i )-class of elements of odd prime order in T i . Hence either
) is given by Theorem 2.2(i). Similarly, (t, 1, . . . , 1) ∈ N is also Aut(N )-conjugate to an element of N α , so
for some ℓ ∈ {1, . . . , k}. Since N is faithful on ∆ 1 it follows that T ℓ N α and so the fact that T ℓ is simple implies that π ℓ (N α ) = T ℓ . In particular, (T ℓ , π ℓ (N α )) is one of the cases in Theorem 2.2(i). Set R = π ℓ (N α ).
The transitivity of N on ∆ 1 implies that G + = N H, so G + and H have the same orbits on {T 1 , . . . , T k }. The minimality of N implies that G acts transitively on this set, so G + is either transitive or has two equal sized orbits (since |G : G + | = 2). Let O 1 be the orbit of G + on {T 1 , . . . , T k } containing T ℓ (where ℓ is the integer in (2)). Without loss of generality we may assume that {T 1 , . . . , T ⌊k/2⌋ } ⊆ O 1 . Note that π i (N α ) ∼ = π ℓ (N α ) and N α ∩ T i ∼ = N α ∩ T ℓ for all i ∈ O 1 . We now consider two cases.
Case 1. T = PSL 2 (p)
Suppose first that T = PSL 2 (p), in which case π ℓ (N α ) is simple (see Table 1 ). In view of (2), it follows that N α ∩ T ℓ = π ℓ (N α ) = R. We claim that N α ∼ = R k . This is clear if O 1 = {T 1 , . . . , T k }, so let us assume that k is even and
Let t ∈ T be an element of odd prime order and set g = (t, 1, . . . , 1, t) ∈ N . Since
is a G-invariant partition, it follows that every G-conjugate of g has precisely one nontrivial entry in the first k/2 coordinates and precisely one nontrivial entry in the last k/2 coordinates. Since G is 2 ′ -elusive, g is conjugate to an element of N α . By multiplying this conjugate by an appropriate element of R 1 × · · · × R k/2 , we deduce that N α contains an element with precisely one nontrivial entry, which occurs in the last k/2 coordinates. Hence 1 = N α ∩ T i π i (N α ) for all i ∈ {k/2 + 1, . . . , k}. By arguing as above we deduce that π i (N α ) ∼ = R and thus N α ∼ = R k . This justifies the claim.
We now consider the possibilities for T arising in Theorem 2.2(i). If T = Ω 
Case 2. T = PSL 2 (p)
Finally, let us assume that T = PSL 2 (p), so p is a Mersenne prime (see Table 1 and Remark 2.1). We have seen that for each element t ∈ T of odd prime order, (t, 1, . . . , 1) is G-conjugate to an element of N α , and that the unique nontrivial entry of this element lies in O 1 ⊆ {T 1 , . . . , T k }. Since H acts transitively on the set {N α ∩ T i | T i ∈ O 1 }, it follows that N α ∩ T i meets each Aut(T i )-class of elements of odd prime order in T i , for all i ∈ O 1 .
This immediately implies that (iv) holds if
To complete the proof, we may assume k is even and O 1 = {T 1 , . . . , T k/2 }. The above argument shows that Q 1 × · · · × Q k/2 N α , where Q i ∼ = C p :C r for all i (here r is the product of the distinct prime divisors of (p−1)/2). Moreover, any n ∈ N α of odd prime order projects onto an element of Q i for each i ∈ {1, . . . , k/2}.
Let t ∈ T be an element of odd prime order and set g = (t, 1, . . . , 1, t) ∈ N . As observed above, each G-conjugate of g has precisely one nontrivial entry in the first k/2 coordinates and one in the last k/2 coordinates. An appropriate G-conjugate of g is contained in N α , which we can multiply by an element of Q 1 × · · · × Q k/2 N α to obtain an element of odd prime order in N α with precisely one nontrivial entry in the i-th coordinate for some i ∈ {k/2 + 1, . . . , k}. Therefore 1 = N α ∩ T i π i (N α ). Since T i is simple and π i (N α ) meets every Aut(T i )-class of elements of odd prime order in T i , it follows that π i (N α ) C p :C (p−1)/2 . Moreover, we also see that N α ∩ T i meets every Aut(T i )-class of elements of odd prime order in T i , so C p :C r N α ∩ T i . Therefore,
for all i ∈ {k/2 + 1, . . . , k}, and we conclude that (iv) holds. (ii) G = M 11 wr K, H = PSL 2 (11) wr K + and |K :
Moreover, each group G in (i), (ii) and (iii) is 2 ′ -elusive and biquasiprimitive.
Proof. By Lemma 4.2, N is the unique minimal normal subgroup of G and we may write N = T k with k 1, where the possibilities for T and N α are described in the lemma. Note that G Aut(N ) = Aut(T ) wr S k . First assume that T = A 6 and N α = A 5 , so G Aut(A 6 ). Since G is 2 ′ -elusive, each element in N of odd prime order is G-conjugate to an element of N α , so G must contain an outer automorphism of S 6 . Therefore G = M 10 or Aut(A 6 ), and N has two orbits of size 6. It follows that (G, H) = (M 10 , A 5 ) or (Aut(A 6 ), S 5 ), as in (i). It is easy to check that G is indeed 2 ′ -elusive and biquasiprimitive in both cases.
Next assume that T = M 11 and N α = PSL 2 (11) k . Since Aut(T ) = T it follows that G = T wr K for some transitive subgroup K S k (the transitivity of K follows from the minimality of N ). Moreover, G + = T wr K + and H = PSL 2 (11) wr K + , where |K :
This is case (ii) in the statement of the theorem.
We claim that every group G as in (ii) is 2 ′ -elusive and biquasiprimitive. First observe that N = T k is the unique minimal normal subgroup of G and N has two orbits on Ω. Therefore, if M is any nontrivial normal subgroup of G then N M , so M has at most two orbits on Ω and thus G is biquasiprimitive. To see that G is 2 ′ -elusive, let ∆ denote the set of right cosets of PSL 2 (11) in T . Since N α = PSL 2 (11) k and G + = T wr K + acts transitively and faithfully on ∆ 1 , we may identify ∆ 1 with the Cartesian product ∆ k so that G + acts on ∆ k with its standard product action (see Lemma 3.1). The action of T on ∆ is elusive, so [6, Theorem 4.1(e)] implies that the action of G + on ∆ 1 is also elusive. Therefore, each g ∈ G + of prime order has fixed points on ∆ 1 , and hence on Ω. Since every element in G of odd prime order lies in G + , we deduce that G is indeed 2 ′ -elusive.
Next suppose that T = 2 F 4 (2) ′ and N α = PSL 2 (25) k . The minimality of N implies that G induces a transitive group K S k on the set of k simple direct factors of N , so N G 2 F 4 (2) wr K (note that Aut( 2 F 4 (2) ′ ) = 2 F 4 (2) = 2 F 4 (2) ′ .2) and G/N is a subgroup of C 2 wr K that projects onto K. Note that H G + and G + /N is an index-two subgroup of G/N . Since G + acts transitively and faithfully on ∆ 1 , by Lemma 3.1 we may identify ∆ 1 with ∆ k , where ∆ is the set of right cosets of PSL 2 (25) in T , so that G + acts on ∆ k via the usual product action. In particular, H = N G + (N α ) as in part (iii). By arguing as above, we see that every group G as in (iii) is biquasiprimitive. Also note that the action of T on ∆ is 2 ′ -elusive (see Theorem 1), so Lemma 3.2 implies that the action of G + on ∆ 1 is also 2 ′ -elusive and we conclude that G is 2 ′ -elusive as above.
Finally, let us assume that T = PSL 2 (p) and
where p is a Mersenne prime and r is the product of the distinct prime divisors of (p − 1)/2. Here N G PGL 2 (p) wr K for some transitive subgroup K S k , as in case (iv), and G/N is a subgroup of C 2 wr K that projects onto K. In addition, we note that H < N G + (N α ) since N α H and |G + : N G + (N α )| is a power of 2.
Remark 4.4. Let G be a group as in case (iii) of Theorem 4.3. In general, there is more than one possibility for H = G α with the desired property that the action of G on G/H is 2 ′ -elusive and biquasiprimitive. For example, if G = ( 2 F 4 (2) ′ ) k , (g, . . . , g) :S k , where 2 F 4 (2) = 2 F 4 (2) ′ , g and k 2, then we can take H = N G + (N α ) with
Remark 4.5. Examples do occur in case (iv) of Theorem 4.3. To see this, fix a Mersenne prime p such that r < (p − 1)/2. Then the almost simple group G = PGL 2 (p) with H = C p :C r as in Theorem 2.3 is biquasiprimitive and 2 ′ -elusive (note that G + = PSL 2 (p)). Similarly, if k 2 then we can take G = PSL 2 (p) wr S k and H = (C p :C r ) wr A k (here G + = PSL 2 (p) wr A k ). However, it is important to note that not all of the groups arising in (iv) are both biquasiprimitive and 2 ′ -elusive. For instance, we highlight the following examples:
(a) G = PSL 2 (p) wr S 3 with H = (C p :C r ) 3 is neither 2 ′ -elusive (it has derangements of order three) nor biquasiprimitive (N = PSL 2 (p) 3 has 6 orbits on Ω), (b) G = PSL 2 (p) wr C 4 with H = (C p :C r ) 4 is 2 ′ -elusive but not biquasiprimitive.
4.2.
G + is not faithful on both orbits. To complete the proof of Theorem 3, we may assume that G + is not faithful on at least one of its two orbits ∆ 1 and ∆ 2 on Ω. We begin with a lemma that describes the structure of soc(G) and soc(G) α .
Lemma 4.6. Let G Sym(Ω) be a finite 2 ′ -elusive biquasiprimitive permutation group with point stabiliser H = G α and assume that G + is not faithful on at least one of its orbits. Then G has a unique minimal normal subgroup N = T k , where k 2 is even and T, N α are one of the following:
where p is a Mersenne prime and r is the product of the distinct prime divisors of
Proof. We adapt the proof of [15, Lemma 4.7] . Without loss of generality, we may assume that the action of G + on ∆ 1 is not faithful. Let M 1 be a minimal normal subgroup of G + contained in the kernel of the action of G + on ∆ 1 . Fix an element g ∈ G \ G + and observe that M g 1 is a minimal normal subgroup of G + contained in the kernel of the action of G + on ∆ 2 (in particular, G + is not faithful on either orbit). Since G is faithful on Ω, it follows that M 1 ∩ M g 1 = 1, M 1 is faithful on ∆ 2 and M g 1 is faithful on ∆ 1 . In addition, M 1 acts transitively on ∆ 2 , and M g 1 acts transitively on ∆ 1 (since G is biquasiprimitive). Since
Therefore M 1 is 2 ′ -elusive on ∆ 2 , so the possibilities for M 1 and (M 1 ) α are given by Lemma 3.3 (where α ∈ ∆ 2 ). It follows that N = T k for some even integer k 2, and
Therefore, to complete the proof of the lemma it remains to show that N is the unique minimal normal subgroup of G. Set L = (G + ) ∆ 2 and note that
and thus soc(L) = M 1 . We conclude that N is the unique minimal normal subgroup of G.
Finally, let us assume that T = PSL 2 (p) with p a Mersenne prime. As usual, let r be the product of the distinct prime divisors of (p − 1)/2. Then
and we note that C p :C r C p :C (p−1)/2 and C p :
has odd order, J is elementary abelian. However, |∆ 2 | is divisible by p + 1, which is a power of 2, and so J is intransitive on ∆ 2 . In particular, L is not quasiprimitive on ∆ 2 . Moreover, since G + is not faithful on its orbits, [23, Lemma 3.5] implies that the structure of G is as in case (b) of [23, Theorem 1.1]. In particular, M 1 is the unique transitive minimal normal subgroup of L and soc(G) = M 1 × (M 1 ) g = N , so N is the unique minimal normal subgroup of G.
We are now in a position to complete the proof of Theorem 3. In the statement and proof of Theorem 4.7, we will write R for the almost simple maximal subgroup PSL 2 (25).2 3 < 2 F 4 (2) (this is a nonsplit extension). 
where G + = G ∩ (PGL 2 (p) wr K + ) and p is a Mersenne prime. Moreover, each group G in (i) and (ii) is 2 ′ -elusive and biquasiprimitive.
Proof. By Lemma 4.6, G has a unique minimal normal subgroup N = T k , where k 2 is even and the possibilities for T and N α are described in the lemma. In particular, we note that G Aut(N ) = Aut(T ) wr S k . Write N = T 1 × · · · × T k with T i ∼ = T for each i, and let K S k be the permutation group induced by the conjugation action of G on {T 1 , . . . , T k }. Note that K is transitive since N is minimal. Moreover, G Aut(T ) wr K. Now G + = N H and H N G + (N α ), so G + has two orbits on {T 1 , . . . , T k } and it induces an intransitive index-two subgroup K + < K. Note that G + = G ∩ (Aut(T ) wr K + ). We may assume that the orbits of K + are {T 1 , . . . , T k/2 } and {T k/2+1 , . . . , T k }. We now consider the three cases arising in Lemma 4.6.
First assume that T = M 11 and
11 . Since Aut(M 11 ) = M 11 it follows that G = M 11 wr K, so G + = M 11 wr K + and since G + = N H we deduce that H = (PSL 2 (11) k/2 × M k/2 11 ):K + as in case (i). Now each g ∈ G + of prime order is conjugate to an element of PSL 2 (11) wr K + (this follows from [6, Theorem 4.1(e)]), which is contained in H, so any group G of this form is 2 ′ -elusive since every element in G of odd prime order is contained in G + . In addition, G is biquasiprimitive since every nontrivial normal subgroup of G contains N , which is transitive on ∆ 1 and ∆ 2 .
Next assume T = 2 F 4 (2) ′ and
is a maximal subgroup of 2 F 4 (2) ′ , and G + acts transitively on {T 1 , . . . , T k/2 }, it follows that G + acts primitively on ∆ 1 and ∆ 2 , inducing a subgroup of 2 F 4 (2) wr S k/2 on each orbit. Therefore H is a maximal subgroup of G + and thus H = N G + (N α ). As in the previous case, any such group G is biquasiprimitive. Moreover, every element in G of odd prime order is contained in G + , and Theorem 1 implies that every element of odd prime order in G + is conjugate to an element of PSL 2 (25) wr K + , which is contained in H. We conclude that G is 2 ′ -elusive. Finally, let us assume that T = PSL 2 (p) with p a Mersenne prime. Here we have G PGL 2 (p) wr K, G + = G ∩ (PGL 2 (p) wr K + ) and
| is a power of 2 and |Ω| = |G : H| is divisible by an odd prime.
This completes the proof of Theorem 3.
Remark 4.8. Examples of 2 ′ -elusive groups in case (iii) do exist. For instance, if p is a Mersenne prime with r < (p − 1)/2, then we can take
, where S k/2 wr S 2 acts imprimitively on k points. Notice that |G : N H| = 2 in these examples (where N = soc(G)), so G is indeed biquasiprimitive.
Arc-transitive graphs of prime valency
In this final section we will use Theorems 1, 2 and 3 to determine the 2 ′ -elusive quasiprimitive and biquasiprimitive groups with a prime subdegree. As explained in the Introduction, this is the main step in the proof of Theorem 5, which we anticipate will play a key role in the proof of the Polycirculant Conjecture for arc-transitive graphs of valency 2p, where p is an odd prime. We start by recalling some standard terminology.
Let G Sym(Ω) be a finite transitive permutation group and let α ∈ Ω. Recall that the orbits of G α on Ω \ {α} are called suborbits, and the lengths of these orbits are the subdegrees of G. It is well known that there is a one-to-one correspondence between the set of suborbits of G and the set of digraphs with vertex set Ω on which G acts arc-transitively. More precisely, the suborbit corresponding to a given digraph Γ is the set Γ + (α) of out-neighbours of α in Γ. On the other hand, if β Gα is the suborbit containing β then the corresponding digraph on Ω has arc-set (α, β)
which is simply the orbit of (α, β) with respect to the natural action of G on Ω × Ω. Such an arc-set is called an orbital of G, and the corresponding digraph is referred to as an orbital digraph. Further, we say that the suborbit β Gα , and also the orbital (α, β) G , is self-paired if there is an element g ∈ G that interchanges α and β. In this situation, (ω 1 , ω 2 ) ∈ (α, β) G if and only if (ω 2 , ω 1 ) ∈ (α, β) G , in which case the corresponding digraph Γ is a graph since we can ignore the directions on the edges (note that Γ is |β Gα |-regular).
Note that if g ∈ G interchanges α and β then it lies in
We will need the following two lemmas (the proofs are easy exercises).
Lemma 5.1. Let G Sym(Ω) be a finite transitive permutation group and let β Gα be a self-paired suborbit of G. Then the corresponding orbital graph is connected if and only if G = G α , g for each g ∈ G that interchanges α and β.
Lemma 5.2. Let G Sym(Ω) be a transitive imprimitive permutation group with system of imprimitivity P. Let α, ω ∈ Ω and let A ∈ P be the block containing ω. Then the following hold:
In order to prove Theorem 5, we need to determine the 2 ′ -elusive quasiprimitive and biquasiprimitive groups with a self-paired suborbit of prime length which satisfies the connectedness condition in Lemma 5.1. To get started, in the next lemma we determine the subdegrees of the relevant almost simple groups (see Theorem 2.3). Note that in the statement of the lemma, we write ℓ k to denote that ℓ occurs as a subdegree k times. 
and r is the product of the distinct prime divisors of 
Moreover, if ∆ is a suborbit of prime length and Γ is the corresponding orbital digraph, then ∆ is self-paired and Γ is connected, with the exception of case (ii).
Proof. The first two cases can be easily checked using Magma [3] . Note that in case (i), Γ is the complete graph K 12 , while for the suborbit of length 5 in case (ii), Γ is the disjoint union of two copies of K 6 . Similarly, one checks that Note that the action of G on G/N is 2-transitive with degree p + 1, so in this action G has a unique suborbit of length p and thus N ∩ N g = C (p−1)/2 for all g ∈ G \ N . Fix an element g ∈ G \ N and let L be the unique subgroup of N ∩ N g of order s, so H ∩ H g L. Now N contains p cyclic subgroups of order s, each of which is contained in H, so L H and L H g . We conclude that H ∩ H g ∼ = C s for all g ∈ G \ N , so S = {1 (p−1)/2s , p (p−1)/2s } as claimed.
Let ∆ = β Gα be a suborbit of length p, so G α ∩ G β ∼ = C s . Note that G α ∩ G β fixes the (p − 1)/2s fixed points of G α , and it also fixes one point from each of the (p − 1)/2s orbits of G α of length p. Set M = N G (G α ∩ G β ) = D p−1 and note that each element of M maps α and β to points fixed by G α ∩ G β . Also note that M ∩ N = C (p−1)/2 transitively permutes the fixed points of G α and the set of orbits of G α of length p. Thus M has at most two orbits on the set of (p − 1)/s fixed points of G α ∩ G β . In fact, N is the stabiliser in G of the set of fixed points of G α (since N is maximal in G), and thus M is transitive on the set of fixed points of G α ∩ G β . In particular, each involution in M \ (M ∩ N ) interchanges α with a fixed point of M contained in a suborbit of length p. Therefore, there exists an element g ∈ M \ (M ∩ N ) that interchanges α and β, so ∆ is self-paired. Moreover, since g / ∈ N and N is the unique maximal subgroup of G containing G α , it follows that G = G α , g and thus the corresponding orbital graph is connected by Lemma 5.1.
A similar argument applies when G = PGL 2 (p) in (iii) or (iv). We omit the details. Proof. Let α = (δ, . . . , δ) ∈ Ω and suppose ω Gα is a self-paired suborbit of prime length, where ω = (ω 1 , . . . , ω k ) ∈ Ω \ {α}. Note that ω differs from α in at least one coordinate and since the only element of ∆ fixed by soc(L) δ is δ, it follows that α is the only element of Ω fixed by N α = (soc(L) δ ) k . Therefore |ω Nα | > 1 divides |ω Gα | and thus ω Nα = ω Gα . For each element β = (β 1 , . . . , β k ) ∈ Ω, we define the support of β to be the set {i | β i = δ}. Let I be the support of ω, and note that I is also the support of each element of ω Nα . Now
| and each term in the product is greater than 1 since ω i = δ. But |ω Nα | = |ω Gα | is a prime, so we must have I = {i} for some i.
Since N is transitive on Ω we have G = N G α and so G α also induces the group K on the set of k simple direct factors of N . Therefore, for each j in the K-orbit i K , there is an element of ω Gα whose support is {j}. Since ω Nα = ω Gα it follows that i K = i and thus k = 2 and
Without loss of generality, we may assume that ω = (γ, δ) where |γ soc(L) δ | is a prime. If g = (g 1 , g 2 ) ∈ G interchanges α and ω, then δ g 2 = δ. Therefore, δ h 2 = δ for each (h 1 , h 2 ) ∈ G α , g and thus G = G α , g . In particular, Lemma 5.1 implies that the orbital graph corresponding to ω Gα is disconnected. Proof. Write N = soc(G) = soc(L) k , where k 2 and L Sym(∆) is the transitive almost simple group described in Theorems 1 and 2. Let α ∈ Ω. Seeking a contradiction, suppose that ω Gα is a self-paired suborbit of prime length and the corresponding orbital graph is connected.
If G is primitive then Theorem 1 implies that G induces a transitive permutation group on the set of simple direct factors of its socle, so G does not have a prime subdegree by Lemma 5.4. For the remainder, we may assume that G is imprimitive, in which case the structure of G is described in Theorem 2. In particular, soc(L) = PSL 2 (p) with p a Mersenne prime. Now G acts faithfully on a nontrivial system of imprimitivity P for Ω, which we may identify with the Cartesian product ∆ k . Let A ∈ P be the block containing α. Without loss of generality, we may assume that A = (δ, . . . , δ) and soc(L) δ = C p :C (p−1)/2 . In particular, |∆| = | soc(L) : soc(L) δ | = p + 1. Since we are assuming that the orbital graph corresponding to ω Gα is connected, Lemma 5.2 implies that ω / ∈ A. Moreover, if B = (b 1 , . . . , b k ) ∈ P is the block containing ω, then the same lemma also implies that |B Gα | divides |ω Gα |.
As in the statement of Theorem 2,
where r is the product of the distinct prime divisors of (p − 1)/2. Note that O p (N α ) G α and thus |B Op(Nα) | divides |B Gα |. Now O p (soc(L) δ ) = C p has one fixed point and one orbit of length p on ∆, hence |B Op(Nα) | = p ℓ , where ℓ = |{i | b i = δ}|. Since |ω Gα | is a prime, we deduce that ℓ = 1 and
In particular, each element of B Op(Nα) differs from A in precisely the same coordinate. Now G transitively permutes the k simple direct factors of N and we have G = N G α (since N is transitive on Ω), hence G α also acts transitively on the factors of N . Therefore, for each i ∈ {1, . . . , k} there is an element of B Gα that differs from A in the i-th coordinate. This is a contradiction.
Finally we turn our attention to 2 ′ -elusive biquasiprimitive groups. We define ∆ 1 , ∆ 2 and G + as in the first paragraph of Section 4. Proof. Let Γ be the connected orbital graph corresponding to a suborbit ω Gα with α ∈ ∆ 1 . Since the actions of G + on ∆ 1 and ∆ 2 are permutation isomorphic, there exists a bijection ϕ :
be the bijection such that ψ(β) = (β, 0) for each β ∈ ∆ 1 and ψ(β) = (ϕ −1 (β), 1) for each β ∈ ∆ 2 . By Lemma 5.2, ω Gα ⊆ ∆ 2 . Moreover, since |Ω| > 2 and Γ is connected, it follows that Γ is k-regular, where
is self-paired, so there exists an element g ∈ G such that ω g = ϕ(α) and ϕ(α) g = ω. Therefore, g interchanges ϕ −1 (ω) and α, and we note that g ∈ G + since ϕ(α), ω ∈ ∆ 2 . This justifies the claim.
Recall that G acts arc-transitively on Γ, so G + acts transitively on the set of arcs of Γ of the form (u, v) with u ∈ ∆ 1 . Since each edge of Γ corresponds to a unique such arc, it follows that G + is transitive on the set of edges of Γ. In particular, every edge of Γ is of the form {α g , ω g } for some g ∈ G + . Set δ = ϕ −1 (ω) ∈ O 1 and let Σ be the orbital graph of G + on ∆ 1 corresponding to O 1 . Then the edges of the standard double cover of Σ are of the form {(α g , 0), (δ g , 1)} for g ∈ G + . Since δ g = ϕ −1 (ω) g = ϕ −1 (ω g ) it follows that {(α g , 0), (δ g , 1)} is the image of the edge {α g , ω g } of Γ under ψ. Therefore, Γ is isomorphic to the standard double cover of Σ. Note that since Γ is connected then so is Σ.
Lemma 5.7. Let G Sym(Ω) be a finite 2 ′ -elusive biquasiprimitive permutation group with point stabiliser H. Then G has a connected orbital graph Γ of prime valency p if and only if (G, H) = (PGL 2 (p), C p :C s ), where p is a Mersenne prime, C r C s < C (p−1)/2 and r is the product of the distinct prime divisors of (p − 1)/2. Moreover, Γ is the standard double cover of a connected p-regular orbital graph of PSL 2 (p).
Proof. Let ω Gα be a self-paired suborbit of prime length such that the corresponding orbital graph Γ is connected. Without loss of generality, we may assume that α ∈ ∆ 1 . Then ω ∈ ∆ 2 by Lemma 5.2.
First assume that G + is not faithful on at least one of its orbits, in which case the structure of G is described in Theorem 3(c). In every case, we observe that the kernel of the action of G + on ∆ 1 is transitive on ∆ 2 (see the proof of Lemma 4.6, for example). Therefore, any connected orbital graph arising from such a group is complete and bipartite. But |∆ 1 | is not a prime, so this situation does not arise.
For the remainder we may assume that G + is faithful on both orbits, in which case the structure of G is given in Theorem 3(b) . Let N = T k be the unique minimal normal subgroup of G, where k 1. Let K + S k be the group induced by G + on the set of k simple direct factors of N . Recall that G + = N G α (see Lemma 4.1).
If k = 1 then G is almost simple and thus (G, G α ) = (PGL 2 (p), C p :C s ) by Lemma 5.3. Here G α < T = G + and |N G (G α ) : N G + (G α )| = 2, so there exists an element g ∈ N G (G α ) \ G + . Therefore, (G + ) α = G α = G α g = (G + ) α g and α g ∈ ∆ 2 , so the actions of G + on ∆ 1 and ∆ 2 are permutation isomorphic. Therefore, Lemma 5.6 implies that Γ is the standard double cover of a connected p-regular orbital graph of T on ∆ 1 .
To complete the proof, we may assume that k 2. Once again, the actions of G + on ∆ 1 and ∆ 2 are permutation isomorphic, so the lengths of the orbits of G α on ∆ 2 are the same as those on ∆ 1 . By Lemma 5.6, Γ is the standard double cover of a connected orbital graph Σ of G + on ∆ 1 of prime valency. If T = M 11 or 2 F 4 (2) ′ then G + acts on ∆ 1 with its standard product action, so by appealing to Lemma 5.4 we deduce that G does not have an appropriate self-paired suborbit. This is a contradiction.
Finally, let us assume that k 2 and T = PSL 2 (p). To eliminate this case, we will show that G + does not have a connected orbital graph on ∆ 1 of prime valency. Seeking a contradiction, suppose β (G + )α = β Gα ⊆ ∆ 1 is a self-paired suborbit of prime length with connected orbital graph Σ. Here ∆ 1 admits a G + -invariant partition P that can be identified with an appropriate Cartesian product ∆ k . Let A ∈ P be the block containing α. Without loss of generality, we may assume that A = (δ, . . . , δ) for some δ ∈ ∆. Similarly, let B ∈ P be the block containing β.
By Lemma 5.2 it follows that A = B and |B Gα | divides |β Gα |. If β Gα ⊆ B then the connectivity of Σ implies that P = {A, B}, which is a contradiction since |∆ k | > 2. Therefore |B Gα | = |β Gα | and by applying Lemma 5.4 we deduce that k = 2 and K + = 1. In particular, G + PGL 2 (p) × PGL 2 (p). By arguing as in the proof of Lemma 5.4 we see that B differs from A in precisely one coordinate. Without loss of generality we may assume that B = (γ, δ) for some γ = δ. If g = (g 1 , g 2 ) ∈ G + interchanges α and β, then g also interchanges A and B and we have δ g 2 = δ. It follows that δ h 2 = δ for each (h 1 , h 2 ) ∈ G α , g G A , g . Therefore, G α , g = G and thus Lemma 5.1 implies that Σ is disconnected, a contradiction.
Finally, we are now ready to prove Theorem 5 and Corollaries 6 and 7.
Proof of Theorem 5. Let Γ be a finite connected graph of prime valency p and let G Aut(Γ) be an arc-transitive group of automorphisms so that the action of G on the vertex set V Γ is either quasiprimitive or biquasiprimitive. We may assume that G is 2 ′ -elusive on V Γ (otherwise case (i) or (ii) in Theorem 5 holds). Then G is almost simple by Lemmas 5.5 and 5.7, and the result now follows by applying Lemmas 5.3 and 5.7.
Proof of Corollary 6. Let Γ be a finite connected graph of prime valency and let G Aut(Γ) be an elusive arc-transitive group of automorphisms. Since the valency is prime, for each vertex v ∈ V Γ, the action of G v on the set of neighbours of v is primitive. Let N be a normal subgroup of G and suppose that N has at least three orbits on vertices. Then by [21, Lemma 1.6] , N is semiregular, which contradicts the fact that G is elusive. Therefore, G is either quasiprimitive or biquasiprimitive on vertices, and thus G and Γ are given by Theorem 5(ii)-(v). If |V Γ| is a power of two then [17, Proposition 3.2] implies that G contains a derangement of order two, which is a contradiction (the proof in [17] applies to any vertex-transitive subgroup, not just the full automorphism group). In cases (iv) and (v) of Theorem 5, note that |G| is even and |G v | is odd, so once again we deduce that G contains a derangement of order two. Therefore, the only possibility is the example in part (iii), hence G = M 11 and Γ is the complete graph K 12 .
Proof of Corollary 7. Let k be the smallest integer such that there is a finite connected graph of valency k with an elusive arc-transitive group of automorphisms. By [14, Theorem 1.1], k 5. As discussed in the introduction to [14] , the example in [14, Theorem 3.5(3) ] shows that k 6. Since Corollary 6 shows that k = 5 is not possible, we conclude that k = 6.
